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A 2-BASIC SET OF THE ALTERNATING GROUP
OLIVIER BRUNAT AND JEAN-BAPTISTE GRAMAIN
Abstrat. In this note, we onstrut a 2-basi set of the alternating group
An. To do this, we onstrut a 2-basi set of the symmetri group Sn with an
additional property, suh that its restrition to An is a 2-basi set. We adapt
here a method developed in [2℄ for the ase when the harateristi is odd. One
of the main tools is the generalized perfet isometries dened by Külshammer,
Olsson and Robinson in [9℄.
1. Introdution
This note is onerned with the existene problem of basi sets for nite groups.
Let G be a nite group and p be a prime. A p-basi set of G is a subset B of
the set Irr(G) of irreduible omplex haraters of G, suh that the restritions
Bp-reg = {χp-reg, χ ∈ B} to p-regular elements (i.e., the elements of G with order
prime to p) of the haraters in B form a Z-basis of the ring of p-Brauer haraters
of G. Gerhard Hiss has onjetured that every nite group has a p-basi set. It is
atually proved for some nite groups (see for example [5℄, [3℄, [4℄ and [1℄), but it
remains open and a diult question in general.
Reently, the authors proved in [2℄ that the alternating group An has a p-basi
set for any odd prime p. In this note, we omplete this work by onstruting a
2-basi set of An.
Reall that the irreduible haraters of the symmetri group Sn are naturally
labelled by the partitions of n [8, 2.1.11℄. We denote by P (respetively Pn) the set
of all partitions of all integers (respetively of n). For any λ ∈ P , we write |λ| for
the size of λ. For any partition λ of n (written λ ⊢ n in the following), we denote by
χλ the orresponding irreduible harater of Sn and by λ
∗
the onjugate partition
of λ. Then χλ∗ = εχλ, where ε is the signature of Sn. A partition λ is said to be
self-onjugate if λ = λ∗.
For any B ⊆ Irr(Sn), we all restrition of B to An the subset BAn of Irr(An)
onsisting of all the irreduible onstituents of the restritions to An of the har-
aters in B. To prove the existene of a p-basi set of An for odd prime p, the
approah in [2℄ onsists in onstruting a p-basi set B of Sn satisfying two addi-
tional properties whih ensure that BAn is a p-basi set of An (f. [2, 1.1℄).
We will see that, when p = 2, we an use a similar strategy, by requiring the
single additional property that B ontains all haraters labelled by self-onjugate
partitions; namely, we will prove
Proposition 1.1. If B is a 2-basi set of Sn ontaining every χλ ∈ Irr(Sn) with
λ = λ∗, then the restrition BAn of B to An is a 2-basi set of An.
The aim of this paper is to adapt the methods of [2℄ (some of whih heavily
relie on p being odd) to the ase p = 2, in order to onstrut a 2-basi set of Sn
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satisfying Proposition 1.1.
Let λ = (λ1, . . . , λr) be a partition of n. We denote by αλ = (λ
(1), λ(2)) the 2-
quotient of λ. Note that this is only dened up to a hoie of onvention. However,
it is proved in [2℄ (f. the proof of Lemma 3.1) that, for a ertain hoie, we have
that, for any n and any λ ⊢ n, if αλ = (λ(1), λ(2)), then αλ∗ = (λ(2)
∗
, λ(1)
∗
). From
now on, we always assume this to be the ase. Then our main result is
Theorem 1.2. For every integer m, we set
P ′m = {λ = (λ1, . . . , λr) ⊢ m |λi is even for 1 ≤ i ≤ r}.
Dene
Λ = {(µ, ∅) | µ /∈ P ′|µ|} ∪ {(µ, µ
∗), µ ∈ P}.
Then the set BΛ of irreduible haraters χλ of Sn satisfying αλ ∈ Λ is a 2-basi
set of Sn. Moreover the restrition BΛ,An of BΛ to An is a 2-basi set of An.
Throughout this artile, we will use the following notations and onventions.
For G a nite group, Irr(G) denotes the set of omplex irreduible haraters of G.
For φ1, φ2 ∈ Irr(G), we denote by φ1 ⊗ φ2 the harater dened by φ1 ⊗ φ2(g) =
φ1(g)φ2(g). Let H and K be two nite groups. For φH ∈ Irr(H) and φK ∈ Irr(K),
we dene φH ⊠ φK ∈ Irr(H ×K) by
φH ⊠ φK(h, k) = φH(h)φK(k) for h ∈ H, k ∈ K.
For c a onjugay lass of G and χ a harater of G, we sometimes will use the
notation χ(c) for χ(g) for g ∈ c.
The paper is organized as follows. In Setion 2, we prove Proposition 1.1. In
Setion 3.2, we onstrut, for eah integer w, a Z-basis of the ring Z Irr(S2w) of
virtual haraters of S2w that we will need in order to prove Theorem 1.2. Finally,
in Setion 3, we prove Theorem 1.2.
2. Restrition to An of 2-basi sets of Sn
We rst prove the following lemma.
Lemma 2.1. With the above notation, if λ ⊢ n, then χ2-regλ = χ
2-reg
λ∗ .
Proof. Let σ be an element of Sn with odd order. Write σ = c1 · · · cr as produt of
disjoint yles. Sine the order of σ is odd, eah of the ci's must have odd length,
so that ε(σ) = 1. Sine χλ∗ = εχλ, this yields the laim. 
2.1. Irreduible haraters of An. The onstrution and the values of the ir-
reduible haraters of An are desribed in [8, 2.5.13℄. For the onveniene of the
reader, we briey reall how to parametrize them from those of Sn. Take any λ ⊢ n,
and let
ρλ := Res
Sn
An
(χλ).
If λ 6= λ∗, then ρλ = ρλ∗ is irreduible, and Ind
Sn
An
(ρλ) = χλ + χλ∗ . Otherwise, ρλ
is the sum of two irreduible haraters of An, written ρλ,±, and hosen as follows.
If λ = λ∗ = (λ1, . . . , λr) ⊢ n, then we let λ = (2λ1 − 1, 2λ2 − 3, . . . , 1) ⊢ n.The
onjugay lass of Sn of yle type λ onsists of elements of An, and splits into two
lasses λ± of An. Now, if x ∈ An doesn't have yle type λ, then ρλ,+(x) = ρλ,−(x).
If x± ∈ λ±, then ρλ,±(x+) = sλ ± tλ and ρλ,±(x−) = sλ,∓tλ, with sλ and tλ as
desribed in [8, 2.5.13℄. Furthermore, IndSn
An
(ρλ,+) = Ind
Sn
An
(ρλ,−) = χλ.
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2.2. Proof of Proposition 1.1. The proof of Proposition 1.1 is based on the proof
of [2, 5.2℄. Suppose that B is a 2-basi set of Sn as in Proposition 1.1 and onsider
its restrition BAn to An. To prove that BAn is a 2-basi set of An we have to show
that B2-reg
An
= {χ2-reg|χ ∈ BAn} is free and generates over Z the ring Z Irr(An)
2-reg
.
We denote by S the set of self-onjugate partition of n and by T the set of
partitions of n suh that λ ∈ T if and only if χλ ∈ B. Put S ′ = T \S. With this
notation, we have
BAn = {ρλ |λ ∈ S
′} ∪ {ρλ,± |λ ∈ S}.
Suppose that there are integers aλ (λ ∈ S ′) and bλ,± (λ ∈ S) suh that
(1)
∑
λ∈S′
aλρ
2-reg
λ +
∑
λ∈S
(bλ,−ρ
2-reg
λ,− + bλ,+ρ
2-reg
λ,+ ) = 0.
For λ ∈ S ′, we have λ∗ /∈ S ′. Indeed, sine χ2-regλ = χ
2-reg
λ∗ (see Lemma 2.1), we
annot have χλ ∈ B and χλ∗ ∈ B simultaneously beause B2-reg is free. Hene, for
λ ∈ S ′, there is no λ′ ∈ S ′ satisfying
〈 IndSn
An
(ρλ), Ind
Sn
An
(ρλ′) 〉Sn 6= 0.
Moreover, IndSn
An
(ρλ) = χλ + χλ∗ implies
IndSn
An
(ρ2-regλ ) = 2χ
2-reg
λ .
(Note that this holds beause, for any lass funtion α of An, we have Ind
Sn
An
(α2-reg) =
(IndSn
An
(α))2-reg.) Therefore, induing Relation (1) from An to Sn we dedue∑
λ∈S′
2aλχ
2-reg
λ +
∑
λ∈S
(bλ,− + bλ,+)χ
2-reg
λ = 0.
But B2-reg is free, implying aλ = 0 for λ ∈ S
′
and bλ,+ + bλ,− = 0. Relation (1)
gives ∑
λ∈S
bλ,+(ρ
2-reg
λ,+ − ρ
2-reg
λ,− ) = 0.
Now, using the fat that ρλ,+ and ρλ,− only dier on the onjugay lasses labelled
by λ+ and λ− we dedue that B
2-reg
An
is free (we use here the same argument as in
the proof of [2, 5.2℄).
We now prove that B2-reg
An
generates Z Irr(An)
2-reg
over Z. Let ρ be a harater
of An whih does not belong to BAn . The denition of BAn implies that there is
λ ⊢ n with λ 6= λ∗, suh that ρ = ρλ. In partiular, as explained in 2.1 we have
ρλ = Res
Sn
An
(χλ).
Sine B is a 2-basi set of Sn, there exist integers {aχ, χ ∈ B} satisfying
χ2-regλ =
∑
χ∈B
aχχ
2-reg.
Restriting this last relation to An, we see that ρ
2-reg
λ is a Z-linear ombination of
elements of B2-reg
An
. This yields the laim.
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3. A 2-basi set of An
3.1. A result on wreath produts with yli kernel. Throughout this se-
tion, we x ℓ and w positive integers and put
Gℓ,w = Zℓ ≀Sw,
where Zℓ denotes a yli group of order ℓ. We denote by ω a generator of Zℓ and
set Irr(Zℓ) = {ψi | i = 1, . . . , ℓ} , with the onvention that ψ1 is the trivial harater
of Zℓ. In the following, we denote by MPℓ,w the set of ℓ-tuples of partitions
(µ1, . . . , µℓ) suh that
∑
|µi| = w.
We reall that the onjugay lasses of Gℓ,w are parametrized by the elements
of MPℓ,w as follows. The elements of Gℓ,w are of the form (h, σ) with h =
(h1, . . . , hw) ∈ Zwℓ and σ ∈ Sw. For any k-yle κ = (j, κj, . . . , κ
k−1j) in σ,
we dene
g((h, σ);κ) = hjhκj · · ·hκk−1j ∈ Zℓ.
Let σ =
∏
c∈s(σ) c be the yle struture of σ. We then form the orresponding
ℓ-tuples of partitions (µ1, . . . , µℓ) by adding a k-yle to µi whenever c ∈ s(σ) is
a k-yle satisfying g((h, σ), c) = ωi−1. The resulting ℓ-tuple (µ1, . . . , µℓ) lies in
MPℓ,w and is the so-alled yle struture of (h, σ). Two elements of Gℓ,w are
onjugate if and only if they have the same yle struture.
We dene
C∅ = {(µ1, ∅, . . . , ∅) | µ1 ⊢ w}.
Remark 3.1. Using σ 7→ (1, σ), we an identify Sw to a subgroup of Gℓ,w. Note
that σ ∈ Sw is in the lass of Sw labelled by the partition µ1 ⊢ w if and only if
(1, µ1) lies in the lass of Gℓ,w with yle struture (µ1, ∅, . . . , ∅) ∈ C∅.
We reall that the irreduible haraters of Gℓ,w are also labelled by the elements
of MPℓ,w as follows. Let µ = (µ1, . . . , µℓ) ∈MPℓ,w. Consider the harater
(2) φµ =
ℓ∏
i=1
ψi ⊠ . . .⊠ ψi︸ ︷︷ ︸
|µi| times
.
If IGℓ,w(φµ) denotes the inertial subgroup of φµ ∈ Irr(Z
w
ℓ )) in Gℓ,w, then
IGℓ,w (φµ) = Z
w
ℓ ⋊
ℓ∏
i=1
S|µi| =
ℓ∏
i=1
Zℓ ≀S|µi|.
Moreover, φµ an be extended to an irreduible harater φ̂µ = ⊠
ℓ
i=1
̂
ψ
|µi|
i of
IGℓ,w(φµ) by setting φ̂µ(h, x) = φµ(h) for h ∈ Z
w
ℓ and x ∈
∏
S|µi|. The irreduible
harater θµ orresponding to µ ∈MPℓ,w is then given by
(3) θµ = Ind
Gℓ,w
IGℓ,w (φµ)
(φ̂µ ⊗ (χµ1 ⊠ · · ·⊠ χµℓ)) = Ind
Gℓ,w
IGℓ,w (φµ)
(
ℓ∏
i=1
̂
ψ
|µi|
i ⊗ χµi
)
,
where χµi denotes the irreduible haraters of S|µi| orresponding to the partition
µi of |µi|.
Proposition 3.2. For µ = (µ1, . . . , µℓ) ∈MPℓ,w, write Sµ = Sµ1 × . . .×Sµℓ for
the orresponding Young subgroup of Sw. Dene θµ as in Formula (3) and put
Γµ = Ind
Sw
Sµ
(χµ1 ⊠ · · ·⊠ χµℓ) ,
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where χµi denotes the irreduible harater of S|µi| orresponding to µi ⊢ |µi|.
Then, for any π ⊢ w, we have
θµ((π, ∅, . . . , ∅)) = Γµ(π).
Proof. Let π ⊢ w. We x x ∈ Gℓ,w in the onjugay lass of Gℓ,w labelled by
(π, ∅, . . . , ∅). Using [8, 4.2.10℄, we dedue
|CGℓ,w(x)| = ℓ
w
∏
k
a1k(x)!k
a1k(x),
where a1k(x) denotes the number of k-parts of the rst partition of the yle stru-
ture of x. Denote by ak(π) the number of k-parts of π. Then we have a1k(x) = ak(π)
and [8, 1.2.15℄ implies
(4) |CGℓ,w(x)| = ℓ
w|CSw (π)|.
Note that
Zwℓ ⋊Sµ =
ℓ∏
i=1
Zℓ ≀S|µi|.
Then, if we suppose that π = (π1, . . . , πl) ∈ Sµ, it follows that
CZw
ℓ
⋊Sµ(x) =
ℓ∏
i=1
CZℓ≀S|µi|(πi, ∅, . . . , ∅).
Furthermore, applying Formula (4) with (πi, ∅, . . . , ∅) ∈ Gℓ,|µi|, we dedue
|CZw
ℓ
⋊Sµ(x)| =
ℓ∏
i=1
ℓ|µi||CS|µi|(πi)|
= ℓw
ℓ∏
i=1
|CS|µi |(πi)|
= ℓw|CSµ(π)|.
Therefore, the indution formula for haraters gives
θµ(x) = |CGℓ,w(x)|
∑
i∈I
1
|CZw
ℓ
⋊Sµ(xi)|
(
φ̂µ ⊗ (χµ1 ⊠ · · ·⊠ χµℓ)
)
(xi),
where φ̂µ is dened in Equation (2) and {xi, i ∈ I} is a system of representatives
for the onjugay lasses of Zwℓ ⋊ Sµ suh that xi and x are onjugate in Gℓ,w.
However, as explained in Remark 3.1, the yle struture of xi in Gℓ,w lies in C∅.
Then, for eah i ∈ I, there is ηi ⊢ w suh that the yle struture of xi in Gℓ,w is
(ηi, ∅, . . . , ∅). Hene, we have(
φ̂µ ⊗ (χµ1 ⊠ · · ·⊠ χµℓ)
)
(xi) = (χµ1 ⊠ · · ·⊠ χµℓ)(ηi),
beause φ̂µ(1) = φµ(1) = 1. Moreover, [2, 4.1℄ implies that the elements xi are
onjugate in Zwℓ ⋊ Sw if and only if the elements ηi are onjugate in Sw. We
then dedue that the elements {ηi, i ∈ I} form a system of representatives for the
onjugay lasses of Sµ suh that π and ηi are onjugate in Sw. It then follows
that
θµ(x) = ℓ
w|CSw (π)|
∑
i∈I
1
ℓw|CSµ(ηi)|
(χµ1 ⊠ · · ·⊠ χµℓ)(ηi)
= Γµ(π).
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
3.2. A Z-basis of the harater ring of S2w. Fix a positive integer w. In this
setion, we will onstrut a new Z-basis of the harater ring of S2w.
For µ ⊢ w, we dene
(5) γµ = Ind
S2w
Sw×Sw
(χµ ⊠ χµ).
We put
Bw = {γµ |µ ⊢ w} ∪ {χλ |λ /∈ P
′
2w},
where P ′2w is the set of partitions dened in Theorem 1.2.
Proposition 3.3. The set Bw is a Z-basis of the ring Z Irr(S2w).
Proof. For µ = (µ1, . . . , µr) ⊢ w, we dene
µ˜ = (2µ1, . . . , 2µr).
Note that the map µ 7→ µ˜ is a bijetion between Pw and P ′2w. It follows that
|Bw| = | Irr(S2w)|. Then, to prove that Bw is a Z-basis of Z Irr(S2w), it is suient
to prove that Bw is a generating family over Z. Let µ ⊢ w. Then we have
γµ =
∑
λ⊢2w
cλµµχλ,
where, for eah λ ⊢ 2w, cλµµ is the Littelwood-Rihardson oeient assoiated to
the partitions µ, µ and λ. If we arrange the partitions of w in lexiographi order,
then [6, 6.1.2℄ implies that the matrix
P = (ceµµµ)µ⊢w
is a lower triangular matrix with diagonal entries equal to 1. In partiular, P is
invertible over Z. Then, using P−1 we an write the haraters χeµ for µ ⊢ w as a
linear ombination of elements of Bw with oeients in Z. This yields the laim.

3.3. A generalized perfet isometry. First, we will briey present the notion of
generalized perfet isometry, introdued in [9℄ by Külshammer, Olsson and Robin-
son. For a union C of onjugay lasses of a nite group G, we say that two
irreduible haraters α and β are orthogonal aross C if
〈α, β 〉C :=
1
|G|
∑
g∈C
α(g)β(g) = 0.
Then, we dene the C-bloks of G to be the minimal non-empty subsets of Irr(G)
subjet to being orthogonal aross C. For b ⊆ Irr(G), we write (b, C) to indiate
that b is a union of C-bloks. Then a bijetion I : b → b′ is a generalized perfet
isometry (with respet to C and C′ between two unions of bloks (b, C) and (b′, C′)
of G and H , if there are signs {η(α) |α ∈ b} suh that, for all α, β ∈ b,
〈α, β 〉C = 〈 η(α)I(α), η(β)I(β) 〉C′ .
Let w be a positive integer. In the following, we put
Gw = Z2 ≀Sw.
Note that, with the notation of Setion 3.1, we have Gw = G2,w. We an then
apply the results of Setion 3.1 to Gw. In partiular, the irreduible haraters of
Gw are labelled by the set MP2,w and the harater orresponding to µ ∈ MP2,w
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is denoted by θµ. We also denote by C∅ the set of elements of Gw with yle
struture (µ1, ∅) for some µ1 ⊢ w.
In order to desribe [2, 3.6℄ for p = 2, we introdue a bijetion on MP2,w
(denoted by ˇ) dened by
µˇ = (µ1, µ
∗
2) for µ = (µ1, µ2).
Remark 3.4. This denition omes from [7℄, on whih [2, 3.6℄ is based, and
ounter-balanes the appearane in the Murnaghan-Nakayama Formula for Gw of
some negative signs, oming from the fat that ψ2(−1) = −1.
In order to give the main result of this setion, we have to reall some denitions.
For λ ⊢ n, we denote by γ(λ) the 2-ore of λ ([8, 2.7℄). Reall that two haraters
χλ1 and χλ2 are in the same 2-blok of Sn if and only if the partitions λ1 and λ2
have the same 2-ore. Then the set of 2-bloks of Sn an be labelled by the set
of 2-ores of Sn. For λ ⊢ n, the integer w =
1
2 (n − |γ(λ)|) is alled the 2-weight
of λ. Sine irreduible haraters of Sn lying in the same 2-blok have the same
2-ore, it follows that the weight is an invariant of the blok. We an thus dene
the weight of a blok b as the weight of all haraters in b. We now an state:
Theorem 3.5. (f. [2, 3.6℄) Let n be a positive integer. Let b be a 2-blok of Sw
of 2-weight w 6= 0. For χλ ∈ b, write αλ ∈ MP2,w the 2-quotient of λ. We an
assoiate to αλ the harater θαλ dened in Formula (2). Then the map
J : b→ Irr(Gw), χλ 7→ θαˇλ
is a generalized perfet isometry between (b, 2-reg) and (Irr(Gw), C∅).
3.4. Proof of Theorem 1.2. We keep the notation of the above setions. Reall
that, by [2, 3.1℄, it is possible to dene 2-quotients of partitions in suh a way that,
for any n and any λ ⊢ n, if αλ = (λ(1), λ(2)), then αλ∗ = (λ(2)
∗
, λ(1)
∗
). Moreover,
note that if χλ lies in a 2-blok of Sn with 2-weight w, then |λ(1)|+ |λ(2)| = w.
Lemma 3.6. Let n be a positive integer and λ ⊢ n. Then λ is self-onjugate if and
only if its 2-quotient has the form (µ, µ∗). In partiular, if w is the 2-weight of λ,
then w has to be even.
Proof. Sine αλ∗ = (λ
(2)∗ , λ(1)
∗
), it immediately follows that αλ = (λ
(1), λ(1)
∗
)
whenever λ ⊢ n is a self-onjugate partition. 
Using this, we an redue Theorem 1.2 to the same question on 2-bloks of Sn
with even weight. More preisely, we have
Lemma 3.7. The symmetri group Sn has a 2-basi set ontaining every χλ with
λ = λ∗ if and only if every 2-blok b of Sn with even weight w has a 2-basi set
ontaining all χλ ∈ b with λ = λ∗.
Proof. Using [2, 2.1℄, we an redue the problem to the 2-bloks of Sn. Let b
be a 2-blok of Sn with odd weight. Lemma 3.6 implies that if χλ ∈ b, then
λ 6= λ∗. Therefore, it is suient to prove that b has a 2-basi set. For this,
we use Theorem 3.5, whih implies that J : b → Irr(Gw) is a generalized perfet
isometry between (b, 2-reg) and (Irr(Gw), C∅). Moreover, if we denote by B∅ the
set of irreduible haraters of Gw labelled by elements of C∅, then Lemma [2, 4.2℄
implies B∅ is a C∅-basi set of Gw. The result then follows from [2, 2.2℄. 
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The ase of bloks of 2-weight 0 is easy to deal with. Suh a blok b onsists of a
unique irreduible harater χλ ofSn, suh that λ is a self-onjugate partition (sine
it is its own 2-ore, and one shows easily that any 2-ore must be self-onjugate).
Hene {χλ} is a 2-basi set for b, whih obviously satises the required property.
We next solve the ase of bloks with positive 2-weight.
Proposition 3.8. Let b be a 2-blok of Sn with even weight 2w for some positive
integer w. Then b has a 2-basi set ontaining all irreduible haraters of b labelled
by self-onjugate partitions.
Proof. Fix a 2-blok b of Sn with even 2-weight 2w. Theorem 3.5 implies that J :
b→ Irr(G2w) is a generalized perfet isometry between (b, 2-reg) and (Irr(G2w), C∅).
We parametrize the irreduible haraters of G2w by the elements of MP2,2w as
desribed above, and the harater orresponding to µ ∈ MP2,2w will be denoted
by θµ as in Equation (3). Let χλ ∈ b with λ = λ∗. Then, Lemma 3.6 and the
denition of J imply that
J (χλ) = θ(µ,µ).
Therefore, using [2, 2.2℄, we see that proving that b has a 2-basi set ontaining
all irreduible haraters of b labelled by self-onjugate partitions is equivalent to
showing that the group G2w has a C∅-basi set ontaining all irreduible haraters
of G2w labelled by bi-partitions of the form (µ, µ).
Let B∅ be the set of irreduible haraters of G2w labelled by elements of C∅.
More preisely, the haraters of B∅ are the haraters of G2w with Z
2w
2 in their
kernel. As we mentioned in Lemma 3.7, B∅ is a C∅-basi set of G2w. Note that, for
all λ, π ⊢ 2w, we have
(6) θ(λ,∅)(π, ∅) = χλ(π).
However, B∅ doesn't have the required property. We will now onstrut from B∅ a
C∅-basi set ontaining the set of haraters {θ(µ,µ) |µ ⊢ w}. Proposition 3.2 implies
that
(7) θ(µ,µ)(π, ∅) = Γ(µ,µ)(π).
Note that Γ(µ,µ) is the harater γµ dened in Formula (5). Furthermore, Formu-
lae (6) and (7) imply that, if we an nd a Z-basis of S2w ontaining the harater
γµ for every µ ⊢ w and the irreduible haraters χλ for λ in some parametriz-
ing set I, then the set of irreduible haraters of Gw labelled by {(µ, µ), µ ⊢
w} ∪ {(λ, ∅), λ ∈ I} is a C∅-basi set of G2w. We therefore get the desired result,
with I = P2w\P ′2w, by Proposition 3.3. 
Remark 3.9. Note that the generalized perfet isometry J of Theorem 3.5 is not
one of the isometry desribed by Osima between b and Irr(Gw). Indeed, Osima's
isometry is a generalized perfet isometry between (b, 2-reg) and (Irr(Gw),D∅) where
D∅ is the set of elements of yle struture (µ1, µ2) ∈MP2,w with µ1 = ∅. It seems
to be more diult to prove a result similar to Proposition 3.8 for (Irr(G2w),D∅).
We now an prove Theorem 1.2. As explained in the proof of Lemma 3.7, it is
suient to onstrut a 2-basi set with the required property for all 2-bloks of
Sn. Let b be a 2-blok of Sn with weight w.
If w is odd, then we hoose the 2-basi set Bb of b onstruted in the proof of
Lemma 3.7. In this ase, P ′w is empty and the 2-quotients of the haraters in Bb
have the form (µ, ∅) with µ ⊢ w.
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If w is odd, then Proposition 3.8 implies that b has a 2-basi set Bb satisfying
χλ ∈ Bb if and only if αλ = (µ, ∅) with µ ∈ Pw\P ′w or αλ = (µ, µ
∗) for µ ⊢ w/2.
Thus, the set BΛ dened in Theorem 1.2 is a 2-basi set of Sn.
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